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Evaluation and Comparison of Relative Motion Theories

K. T. Alfriend* and H. Yan'
Texas A&M University, College Station, Texas 77843

A modeling error index is introduced for evaluating and comparing the accuracy of various theories of the
relative motion of satellites to determine the effect of modeling errors on the various theories. The derived index
does not require linearization of the equations of motion, and so nonlinear theories can also be evaluated. The index
can be thought of as proportional to the percentage error; consequently, the smaller the index, the more accurate
the theory. The results show that not including the reference orbit eccentricity and differential gravitational
perturbations has a major effect on the accuracy of the theory, and the nonlinear effects are much smaller except
for very large relative motion orbits. The two key parameters in the evaluation are the eccentricity of the reference
orbit and the relative motion orbit size. The theories compared are Hill’s equations, a small eccentricity state
transition matrix, a non-J, state transition matrix, the Gim-Alfriend state transition matrix, the unit sphere
approach, and the Yan-Alfriend nonlinear method. The numerical results show the sequence of the index from
high to low should be Hill’s equation, non-J;, small eccentricity, Gim—Alfriend state transition matrix index,
with the unit sphere approach and the Yan—Alfriend nonlinear method having the lowest index and equivalent

performance.
Nomenclature
a = semimajor axis
e = eccentricity
i = inclination
J> = equatorial bulge gravitational

potential coefficient

(L,G,H,l,g,h) = Delaunay variables

(M, E, f) = mean, eccentric, and true anomalies

n = mean motion

(q1, q2) = nonsingular variables (e cos w, e sin ®)

R, = Earth radius

" = Hamiltonian

r = orbit radius

t = time

(x,y,2) = radial, in-track, and out-of-plane
relative position

ap = relative motion orbit phase angle

(A, 0) = mean and true arguments of latitude

" = gravitational coefficient

v = modeling error index

o = measure of relative motion orbit size

0] = state transition matrix

Q = right ascension

w = argument of perigee

Introduction

HIS paper is concerned with the comparing theories of the
relative motion of two satellites. The reference satellite will be
referred to as the chief, and the other satellite will be the deputy.
The analysis of the relative motion of satellites began with the pa-
per by Clohessy and Wiltshire (CW),' who in 1960 derived the equa-
tions of motion for one satellite relative to another when the chief
satellite is in a circular orbit about a spherical Earth. They also as-
sumed that the separation distance between the satellites was small
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compared to the orbit radius so that the equations of motion could
be linearized. These are sometimes called Hill’s equations because
Hill used the same approach in his research on the moon.? Because
Clohessy and Wiltshire were concerned with rendezvous, long-term
accuracy of the solution was not a major concern. Lawden® and
Tschauner and Hempel* obtained independently the solution to the
linearized equations of motion when the reference satellite is in an
elliptical orbit. There were other efforts®® in the 1960s to expand
the solutions to include the first-order nonlinear terms and the first-
order eccentricity effects. Although there are a few papers, e.g.,
Ref. 7, on the use of these equations over the next 30 years, it was
not until the formation-flying concept began to be considered that
we saw renewed interest. With the desire for accurate long-term
prediction, there was a need for more accurate solutions to the rel-
ative motion problem. Gim and Alfriend® used a new approach to
obtain the state transition matrix for the linearized equations for the
reference satellite in an elliptic orbit that included the first-order
absolute and differential J, effects. Inalhan and How® investigated
the effects of neglecting the reference orbit eccentricity when es-
tablishing the relative motion initial conditions. References 10-12
were attempts to obtain corrections to the initial conditions to ac-
count for the nonlinear terms for the periodic relative motion orbits.
They did not consider the general solution to the nonlinear equa-
tions. Alfriend and coworkers'>!'* developed a new approach to the
nonlinear problem using differential orbital elements.

The complexity of the relative motion theories increases as the
accuracy improves. Thus, an important question is which theory is
needed for a given problem or what needs to be included in the
reference orbit model. Because the accuracy is a function of the
initial conditions, a methodology is needed for comparing the ac-
curacy of the theories for a class of problems. Such a methodology
was developed by Junkins et al.!> for comparing linear theories. In
Ref. 15 a nonlinear index was introduced for comparing the accu-
racy of various linearized solutions for the propagation of a debris
cloud resulting from a collision or breakup. The analysis showed
that when using the linearized equations of motion the most accurate
solution is obtained by using differential orbital elements. Recently,
Junkins'® in his tutorial on nonlinearity of orbit and attitude dynam-
ics discussed problems on how to measure nonlinearity and used
the nonlinearity index to evaluate several coordinate choices.

In this paper we compare various theories for relative motion
orbits and provide results that should aid mission designers in de-
ciding which effects need to be included in the reference orbit model
for their particular formation. The effects considered are the chief
satellite eccentricity, absolute and differential J,, and nonlinearity.
Differential drag can have a significant effect but is not considered
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Fig. 1 Projected circular orbit, as defined in the along-track/cross-
track plane.

because it is difficult to quantify because it is a function of altitude
and differential ballistic coefficient. To evaluate the effect of the
preceding factors, we selected theories that represent a sufficient
cross section of modeling the just-mentioned effects. The theories
selected for comparison are the CW solution,' the Gim-Alfriend®
state transition matrix, a small eccentricity state transition matrix,
a non-J, state transition matrix derived from the Gim-Alfriend
state transition matrix that is equivalent to that derived by Lawden?
and Tschauner and Hempel,* a unit sphere approach proposed by
Vadali,'” and Sengupta et al.,'® and the Alfriend—Yan nonlinear
theory.!>!* There are numerous other theories in the literature, but
inclusion of all of them is not reasonable, and the results provided
here should be sufficient for assessing the accuracy of those theories.
A new modeling error index derived from the Junkins nonlinearity
index is used to compare the theories. The Junkins index cannot be
used because it is restricted to linear theories. Comparisons are per-
formed for a spherical Earth and an oblate Earth. When J, =0, the
Gim-Alfriend theory is numerically identical to the Lawden® and
Tschauner—Hempel* theories, and so their accuracy is captured in
these comparisons. The relative motion orbit selected for compar-
ison is the projected circular orbit'® (PCO) or its equivalent when
the reference orbit is not circular. As shown in Fig. 1, the pro-
jected circular orbit is the relative motion orbit whose projection
on the local horizontal plane is a circle. This relative motion orbit
was selected because the evaluation of the relative motion theo-
ries should include some out-of-plane motion. The two key param-
eters in the evaluation are the eccentricity of the reference orbit
and the relative motion orbit size, e.g., the projected circular orbit
radius.

Modeling Error Index

Consider the nonlinear differential equations with the initial
conditions:

x =f(,x), x(fo) = Xo &)

In Refs. 15 and 16 the nonlinearity index used was

b(t.10) = sup [Py (2, 10) — Pz, fo) |l )

i=1..N (2, o)l

where ®@(z, 1) is the state transition matrix that is obtained from
Eq. (1) with the expected initial conditions ¥(zy). ® (¢, ) is a state
transition matrix that is obtained from Eq. (1) from a set of initial
conditions that represents the worst-case relative to the expected

initial conditions. For example, if the problem is a breakup or ex-
plosion the worst-case initial conditions would be the points on the
surface of the 3¢ ellipsoid of the relative velocity created by the
breakup. In Ref. 15 this index was used to compare the accuracy
of three linear theories for a circular reference orbit, the CW equa-
tions, the linear theory using polar coordinates, and one obtained
from differential orbital elements. The objective was to determine
which theory best captured the nonlinear effects. The comparison
showed that differential orbital elements were the most accurate.
The nonlinearity index should evaluate modeling error, not just
nonlinearity. Because the index in Eq. (2) cannot be used with a
nonlinear theory, a new index is needed. In addition, our objective is
to compare the accuracy of the theories for specific types of orbits.
For comparison in this paper, the projected circular orbit (or its
equivalent for a noncircular reference orbit) is used as the baseline
orbit. Let X; (¢) be the solution for the initial condition X; (fy) at the
corresponding points, and let x; (¢) be the solutions for the proposed
models. These need not be linearized solutions. It is important that
the states be in dimensionless variables or a weighting matrix used.
Let W be a weighting matrix that nondimensionalizes y, that is,

y=Wx 3

We now propose the following modeling error index:

v(t) = max |v;| (4a)
i=1..N
.

=22 (4b)
YiYi

Note that if there is only one state and we let y; = y(1 + y), then
the index becomes v = 2|y |. Therefore, the index is proportional to
the percentage error.

Reference Orbits

We use differential orbital elements to set up a reference relative
motion orbit or projected circular orbit. Then we take many points
on the orbit as initial conditions and propagate them to obtain the
model error index as a function of time.

We begin with the Hamiltonian of the reference satellite’s motion
expressed in terms of mean orbital elements. Assume ¢ = —J,. In
normalized Delaunay variables with u =1, R, =1, the averaged
Hamiltonian to the first order is?

N = —1/2L> +e(1/4L°(L/G)’[-1 + 3(H*/GH] (5)

where L=./(na), G=L/(1—e*)=Ln, H=Gcosi, and
&= —Jz.

Mean elements are used because the angle rates are constant,
which means the constraints to minimize or prevent drift between the
satellites are a function of only the momenta (L, G, H) or (a, e, i).
If the starting point is the Hamiltonian in osculating space, the con-
straints are also a function of the angles, and the relative motion
orbit is more difficult to design. We use the mean argument of lati-
tude A =[ 4 w, where [ is the mean anomaly. The angle rates in the
mean space are
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Because relative orbit design is more direct in terms of (e, i) instead
of (G, H), we will use these as the momenta variables. The angle
rates become

A=1/L*+ (3e/AL'n)[(1 + ) — (5 +3n)cos’i]  (9)
@ = Be/4L ") (1 — 5cos?i) (10
Q = 3¢/4L"n") cosi 1)

The period matching condition for the relative motion at first
order is®

Sh+8Qcosi =0 (12)

In this paper we have selected the projected circular relative mo-
tion orbit (PCO) for comparing the relative motion theories. In
a chief-centered local-vertical/local-horizontal (LVLH) frame, the
PCO can be described by’

x = 0.5p0sin(6 + ) (13)
y = pcos(d + ap) (14)
z = psin(0 + o) (15)

where 6 is the latitude angle of the chief satellite. We want to express
Egs. (13-15) in terms of the orbital elements in the mean space. To
avoid the singularity at small eccentricity, they should be a set of
nonsingular orbital elements. We have selected the following:

e=la, A, i,q, q, 2, g1 =ecosw, g =esinw  (16)
The differential orbital elements are determined from the selected
relative motion orbit. They are?!

S = —6Qcosi 17)
5i = LEO%0 (18)
a
bq =222 19)
2a
b =~ 20)
2a
s = _PS% Q1)
asini

From Eq. (12) the difference in the semimajor axis is

sa = —0.50a(R./a)*[(3n +4)/n*]

x {(1 = 3cos? )[(q1891 + q2842)/n*] + sin 2i8i } (22)

By choosing values of ¢« between 0 and 360 deg, we obtain a dis-
tribution of the initial conditions. Starting with these initial con-
ditions, we evaluate the modeling error index of the approximate
methods.

Approximate Methods for Relative Motion

Hill’s Equations

Hill’s equations are established in the LVLH frame by making
the assumptions of a circular chief orbit, spherical Earth, lineariz-
ing the differential gravity accelerations, and neglecting all other
perturbations. Hill’s equations are

¥—2ny—3n*x =0 (23)
y+2nx =0 (24)
Z4+n%z=0 (25)

where x, y, and z are the LVLH Cartesian coordinates, and x, y,
and z are the relative velocity components in the frame. Hill’s equa-
tions have analytical solutions,?? so that they can easily be used to
approximate the relative motion.

Gim-Alfriend State Transition Matrix

Because Hill’s equations have considerable errors and are insuf-
ficient for long-term prediction, Gim and Alfriend® developed an
accurate state transition matrix for the perturbed noncircular refer-
ence orbit using a geometrical method. Realizing the deputy rel-
ative motion is a result of small changes in the orbital elements
of the chief, they used differential orbital elements and then trans-
formed into the LVLH coordinates. The linear approximation using
the differential orbital elements is more accurate than that using the
Cartesian or curvilinear coordinates as shown in Refs. 15 and 16.
Moreover, using the differential orbital elements automatically in-
cludes the reference or chief orbit eccentricity, which is not included
in Hill’s equations. Notice this method does not require the solution
of differential equations. The state transition matrix is

X(t) = {A(t) + aB(1)}5e (26)
or
X(1) = {A(1) + aBO}D ). (1, 10)D ™ (10){A (10)
+aB(t)} ' X (1) 27

where X=[x x y y z z] is the relative motion coordinate vec-
tor « =3J,R2, the matrix B(¢) contains only the terms perturbed
by J2, ¢.(2) is the state transition matrix for the relative mean ele-
ments, and D(¢) is the Jacobian of the mean to osculating element
transformation.

Small-Eccentricity State Transition Matrix

The Gim—Alfriend state transition matrix is valid for any eccen-
tricity, but it is complex with many terms. A less complex version
for small eccentricity can be derived by retaining O(e) terms for the
non-J, portion and only O(e°) for the J, portion. See the Appendix
for the state transition matrix.

Non-J, State Transition Matrix

The matrix is obtained from Eq. (27) by setting J, = 0. Its accu-
racy is numerically identical to those in the Lawden® and Tschauner—
Hempel* theories. Therefore, its evaluation is equally applicable to
evaluating either Lawden or Tschauner—Hempel.

Unit Sphere Approach

In the unit sphere approach,'”-!® the relative motion problem is
studied by projecting the motion of the two satellites onto a unit
sphere. This is achieved by normalizing the position vector of each
satellite with respect to its radius. This process allows one to study
the relative motion using spherical trigonometry so that a kinemati-
cally exact description is obtained for the relative positions in terms
of the differential orbital elements, without recourse to lineariza-
tion. To obtain time-explicit expressions, the method uses Kepler’s
equation or eccentricity expansions to obtain the radial distance and
argument of latitude. Taking time derivatives for the relative posi-
tions, we get analytical expressions for the relative velocities with
the help of Gauss’ equations.

The relative position on the unit sphere is given by

Ax 1
Ay p =[c.ch—1]10 (28)
Az 0

where Ax, Ay, and Az are, respectively, the radial, along-track, and
cross-track relative positions on the unit sphere and C is the direction
cosine matrix that transforms a vector in the Earth-centered inertial
(ECI) frame to one in the LVLH frame. The subscripts C and D stand
for quantities pertaining to the chief and deputy, respectively. A
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represents quantities pertaining to the deputy minus those pertaining
to the chief. This results in analytical expressions for the so-called
subsatellite points that are functions of the angles only. The matrix
C is given by

cos B cos 2 — sinf cos i sin 2
C = | —sinfcos Q2 — cos b cosi sin 2
sin i sin 2

The actual relative positions between the two satellites are

x =rp(l 4+ Ax) —r, y =rpAy, z=rpAz (30)

Taking time derivatives, we have

x =rp(l 4+ Ax) +rpAx —7c, y=rpAy+rpAy

i=}’.‘[)AZ+}’DA2 (31)

where r¢ and rp are the radii of the chief and deputy, respectively.

The expressions for Ax, Ay, Az, Ax, Ay, Az, can be found in

Ref. 21.

Using Kepler’s equation,

M/=Ej—e]sm(EJ), ]ZC,D (32)

. M; + ¢, sin(E;

E; = M; +¢;sin(E)) (33)

1 —ejcos(Ej)

r; =aj[l —ejcos(E;)] (34)
7 =a;[1 —ejcos(E;)] + G[Ejej sin(E;) — ¢é; cos(E;)] (35)

The other time derivatives such as a, ¢, i, f can be obtained from
Gauss’s variational equations.?!

Yan-Alfriend Nonlinear Method

The geometrical method by Alfriend and Gim is just a trans-
formation from a nonlinear algebra into a linear one. It results in
not only a daunting task, but the linearization creates a nonlinear
error. However, because the linearization is performed in orbital
element space the error is smaller than if the equations of motion
were solved in Cartesian space.'> The Yan—Alfriend method is also
performed in orbital element space. It extends the earlier work of
Schaub and Alfriend? in that the Taylor-series expansion of the
deputy mean orbital elements about the chief is carried to second
order. The matching condition to suppress the in-track drift is then
determined, and the time history of the differential mean elements
determined. Because the expansion is carried to second order, the
J? terms are included. This constitutes a very simple method for a
long-term prediction for nonlinear relative motion, thatis, we predict
mean orbital elements at the given time for the noncircular reference
orbit including nonlinear J, effects and then transform them into the
LVLH coordinates. Details are provided in Refs. 13, 14, and 21.

Numerical Results

Let us define several test cases for which we can evaluate the
modeling error index for each approximate method. Let the mean
orbital elements of the chief take on the following values:

a = 8000 km, i =50deg

Q = 0deg, w = 0 deg, My = 0deg

e=1le—4,5¢—4,0.001,0.005,0.01, 0.05, 0.1
We use these elements and Eqs. (17-22) to establish the PCO for a

circular chief orbit. When the chief orbit is not circular, they establish
a relative motion orbit that is close to a PCO. Because the period

matching condition is used, there is very little in-track drift. The
radius p of the PCO is chosen as 0.16, 0.80, 1.6, 4, 8, 12, 16, 40,
80, 120, and 160 km. See Fig. 1 for the PCO when ¢ =0.001 and
p =12 km. The objective is to evaluate the index given by Eq. (4)

cosfsin 2 + sinf cosicos 2 sinf sini
—sinf sin Q2 + cosf cosi cos 2 cosb sini 29)
—sini cos 2 cosi

for each of the approximate methods, varying the eccentricity of the
chief orbit and the PCO radius. For each case (specific value of e
and p) 100 equally spaced values of the phase angle oy between 0
and 360 deg are used. In Eq. (3),x=[x X y y z z], and select W
in terms of the Earth-value units so that y has canonical units. We
used for W

W = diag(1/R., 1/R., 1/R., 1/Reno, 1/Reng, 1/ Reng)

noz,/p,/R;f (36)

Using Eq. (4), index v; is evaluated for each of the initial phase an-
gles, and the index value is obtained. Notice y; in Eq. (4) is obtained
by numerically integrating the equations of motion of both the chief
and deputy in the ECI reference frame with a J, gravity field, and
then transforming the position and velocity vectors from the ECI
frame to the chief frame.

Figures 2-9 show the index comparisons varying with the eccen-
tricity of the chief orbit and the PCO radius.

Figures 2-9 show the modeling error index at the end of one
day for the six theories: Hill’s equation, small eccentricity, non-J,,
Gim-Alfriend, unit sphere approach, and Yan—Alfriend nonlinear
method. Figures 2-5 show the effect of the index as a function of
the size of the orbit for various eccentricities. Figures 69 show the
effect of the index as a function of eccentricity for various size orbits.
The index provides a method for comparing the accuracy of various
theories. As shown earlier in the one-dimensional case, the index is
representative of twice the percentage error. In the n-dimensional
case the acceptable value for an index can only be determined by
what size errors are acceptable for the mission. Many factors such
as minimum time between thruster firings, allowable error growth
rate, and allowable error impact the decision of the specific model
to be used. The method presented here only provides a guideline
for determining which theory or what dynamic effects need to be
included in the model, for a specific problem. Also, keep in mind
that the index represents the maximum error over all of the initial
conditions for the PCO. There are initial conditions for which the
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Fig. 2 Index comparison for ¢ =0.0001.
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modeling errors are minimal. For example, because the differential
J, effects are caused primarily by the inclination difference the
effect of not modeling J, is very small if the out-of-plane motion
is created by only a right-ascension difference. For a specific set of
initial conditions, the user would have to compute the index for just

Fig. 5 Index comparison for e=0.1.

those initial conditions.

In Figs. 2-5 the index for Hill’s equation and the non-J, theory
are almost constant. The non-J, index is also constant with PCO
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Fig. 7 Index comparison for p=12 km.
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Fig. 8 Index comparison for p =40 km.

of four difference between the two indices.

0.1

size as shown in Figs. 6-9. Because the non-J, theory has no ec-
centricity approximation, its index shows the effect of not modeling
J, for small relative motion orbits. The difference between the non-
J> theory and the Gim—Alfriend index represents the effect of not
modeling J,; it is significant. Even for e =0.001, there is a factor

The difference between the Hill index and the non-J, index repre-
sents the effects of not modeling the eccentricity. Even for e = 0.001,
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Fig. 9 Index comparison for p =160 km.

it is substantial. Figure 6 shows how it grows with increasing ec-
centricity.

In Fig. 6 the small e index and non-J, index are equal at about
e =0.08. This is the point where neglecting second-order eccentric-
ity effects is about equal to neglecting the J, effects.

For both the Vadali unit sphere and Yan—Alfriend methods, the
index is essentially constant for all cases and approximately equal
to 1073 This means they provide an accurate representation of the
motion for all eccentricities and relative motion orbits as large as
160 km. As expected, the index for the Gim—Alfriend theory is con-
stant with eccentricity because it has no eccentricity approximation.
Its sensitivity to the orbit size is evident, but even for PCOs as large
as 40 km it is still less than 0.01.

In comparing the small e and the Gim—Alfriend indices, one can
see the difference even for e = 0.001, even though the index is small.
Figure 6 shows that the difference is two orders of magnitude at
e =0.01, meaning the small e theory might not provide sufficient
accuracy for e =0.01.

Conclusions

The modeling error index presented in this paper is an effective
tool for evaluating the accuracy of approximate approaches of mod-
eling relative motion and should aid designers in determining what
effects need to be included in the reference orbit model. The numer-
ical results show that, in general, neglecting J, effects is significant,
even though there are initial conditions for which the differential
J, effects will be minimal. In addition, neglecting eccentricity ef-
fects, even for e < 0.001, can be significant. For e < 0.01 the small
e theory, which includes the first-order eccentricity effects for the
non-J, terms and zeroth-order eccentricity effects for the J, terms,
provides reasonable results. For the theories evaluated, the sequence
of the index from high to low, with low being the most accurate, for
the cases evaluated is Hill’s equations, non-J,, small eccentricity,
Gim—Alfriend index. The unit sphere method and the Yan—Alfriend
nonlinear method indices are the lowest and essentially equal. The
unit sphere approach and Yan—Alfriend nonlinear theory are accu-
rate for all eccentricities and relative motion orbits as large as 160 km
in low Earth orbit. The results presented in this paper should be valid
for any relative motion orbit with out-of-plane motion, such as the
circular relative motion orbit, when there is a differential inclina-
tion. Because the differential J, effects are primarily caused by a
differential inclination, the results presented here on the effects of
J> do not apply for in-plane relative motion orbits, or when the
out-of-plane motion is caused by only a right-ascension difference.

Appendix: Small-Eccentricity State Transition Matrix

In this Appendix the relative motion state transition matrix (STM)
for small eccentric chief orbits is derived. This STM will include
O(e) terms for the non-J, portion and only O(e°) for the J, portion.

The STM is obtained from® by setting g; = ¢, =0 in all the terms
multiplied by J, and retaining only the first-order terms in ¢; and
@ in the non-J;, terms. The notation of Ref. 8 will be used. Assume
¥ = A(t) + aB(t), R is radius of the chief orbit, p is a semiparame-
ter, and V, and V; are the radial and transversal velocity of the chief,
respectively.

3 Matrix (Refer to Appendix A of Ref. 8)

The matrices ¥ and £~! as they are. O(e) approximations for R,
V., V,,and p could be made, but this does not shorten the calculations
so they are not changed.

Mean to Osculating (Refer to Appendix E of Ref. 8)
Because no eccentricity terms are retained, the mean to osculating
transformation for zero eccentricity is

Cose = €, + 8[8(117) 4 elPh e<5p2)]

e=(a,0,i,q1,q, Q7

a=a/R,, 0=f+w, ¢q =ecosw, g, = esinw
(A1)
&= —J, e =0 (A2)
a(spl) — 0(,;[11) — l-(spl) — Q(spl) — O
v 3(1 — 3cos?i) 3(1 —3cos?i)

(spl) __ (spl) __ .
ql —TCO 9, q2 _TSIHQ
(A3)

3R, sin’i
a%r? = —(72_ l) cos 26
a

3(3 — 5cos%i) .
- “sin20
8a?

e 2. . .
gbr2) — ) (5r2) + (Sl?_zl) sin 26, 6P — _ (3 881{1221 ) cos 26
a a

. 2.
g = — sm_ ! (3cost + 7 cos 30)
8a?

AP —

. 2.
qéspz) _ (SISnTz’)@ sinf — 7sin 36)

a

3cosi
QUrPY — _< z(_)jl> sin 20 (A4)

D Matrix (Refer to Appendix E of Ref. 8)
Only the nonzero terms are presented. Let ® =1/(1 — 5cos?i):

_ aeosc

D=—*=1- L[D 4+ DY 4 DUV (AS)
e 2.
DI = —Sg;z’ (1= 100 cos? i) sin
D(lp) _ Sinzi 1 100 2. 0 A6
5 = T g (11— cos” i) cos (A6a)
) sin® i
D4f =_16'2 (1 — 100 cos?i), ®=(1-=5cos?i)”!
a
(A6b)
Y
(Ip) Nt .
s = Teaz (1~ 100 cos i) (A6c)
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, 3R, (1 —3cos?i
DYV = 3R —3cosi) o
2a
3R,(1 —3cos?i
pern = 3R Z3cosD) o (ATa)
2a
pirh — i(1 —5cos?i)sin6
b 432
9
DY = —1= - 5cos2i)cosf (A7b)
3(1 —3cos?i 3(1 —3cos?i
lmm:_j_ﬁ%$;2ma Dgn:_i_zgiﬁﬁw
epy  9sin2i
D43 = 4—5_{2 (A7C)
) 3(1 — 3cos?i)
DYV = 7 P (2 4 cos26
44 8[12 ( + )
, 3(1 — 3cos?i)
(spl) .
D4351 = T sin 26 (A7d)
3(1 —3cos?i 3(1 —3cos?i
Dé‘;””z——( R :_;;S D sin 6, D;‘;””: —( 45_:2:0S 2 0s @
DErY _ 95sin2i P A7
5 = a; 0s (ATe)
3(1 — 3cos?i)
(spl) :
D54p = 48&2 sin 260
) 3(1 — 3cos?i)
(sp1)
DIV = T(Z — cos20) (ATf)
9 9cosi
D(();Ial) _ ;;);l sinf. Dé.;pl) __ ;3231 cosd (AT¢)

3sin®i 3R, sin?i
(sp2) (sp2) e .
e N A

3R, sin2i
Dng) - _ <%> cos 20 (A8a)
a
o) R, sin’ i
DY = — — (cos & + cos 30)
_ OR, sin’ i
mﬁ=<_;1g@w_mw> (ASb)
a
o) 6 —7sin®i\ .
D = — RS sin 26
e
p2) 6 — 7sin®i
Dy = — cos 26
. Tsin2i \ .
DY = _< 2 ) sin 20 (A8¢)
24 — 47 sin? i cos?i
(sp2) i i
Dy = (T) sin6 + aqz om 30
D(spZ) 24-47 Sin2 i (2] COS2 i 30 (Agd)
=== " )cosfh — cos
25 3232 4a?
3sin2i 3sin2i
p2) (sp2) i
X 3cos2i
DY = _< 12 ) c0s 26 (A8e)

02
D;jpz) = —<Sgl_lzl>(3 cos 6 + cos 30)

in2i
D = (Sg‘&z’>(3 sinf — sin 36) (A8f)
sp2) sin? i
D7 = IR (3cosO + 7cos 36)
(sp2) 3sin®i) . .
DY = oo (sin@ + 7 sin30) (A8g)
P2 sin 2i
D? = — o (3cos6 + 7 cos 30) (A8h)
P2 3sini
Dy = — 622 (34 10cos26 4 3 cos 40)
; 3(3 —5co0s%i) . 9sin?i\ . .
D = —gmrsin 260 — Teaz ) Sit 40 (A8i)
D _ sin? i 3sind — 7 sin 30
Y == IR (3sin6 — 7sin 30)
p2) 3sin®i .
Dy = 5 (cos8 — 7 cos 36) (A8))
P2 sin2i . .
DY = S (3sin@ — 7sin30) (A8k)

, 33 —5cos?i) . 9sin?i\ .
(sp2)
D54” = _T sin 260 — 1652 sin 40

16a>

3cosi 3cosi
(sp2) : (sp2)
Pl = <2Rea3)5m29’ P = _< 2 )Com

, 3sin’i
DY =< il ’)(3— 10cos20 +3cos40)  (ASI)

3sini

(sp2) :

DF” = ( yEe >s1n20 (A8m)

Déitﬂ) - _ (%) (3sinf + sin 30)

D = — %) 30050 36 A8
s ="\ 1z (3cosH — cos 30) (A8n)

¢z Matrix (Refer to Appendix D of Ref. 8)
Again, only the nonzero terms are supplied:

R
Gy ==,
v,

R R .
G, =— - 1+ - sin @, Gy = =G, (t =1)

G, = <—> <1 + 5) cos b, Gy =Gyt =1) (A9)

o =3LR%, Gy, = —Gy(t = ty)

a

Go11 = 1 (A10)
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- 3}’10(f - [0) Ta .
o = — o V4 [ = ) (4 —1
e 2a¢0Gy |: + (6113)( o8 to )]

e —Z—*’: (Alla)
43.;23 _ 2ang(t —2 tp) sin 2i, (Al1b)
a;Gy

Gara = —GLB[G(M + Gy, cos(Aw) + Gy, sin(Aw) |
Aw = o (t — 1) (Allc)
bars = _G%[G‘m — G, sin(Aw) + G, cos(Aw) | (Alld)
bz =1 (A12)
$o1s = cos(Aw), Gass = — sin(Aw) (Al3a)
P54 = sin(Aw), Psss = cos(Aw) (A13b)

z;_S _ Ta ng COS iy ¢t —10)
261 = 4a§ o 0

bo63 = (%)(Ho sinig)(t — 1p), $w6 =1 (Al3c)
ay
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